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Projective flatness in the quantisation of bosons and fermions 
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Abstract 

(N . 

We compare the quantisation of linear systems of bosons and fermions. We recall the appearance 

. of projectively flat connection and results on parallel transport in the quantisation of bosons. We then 

' discuss pre-quantisation and quantisation of fermions using the calculus of fermionic variables. We then 

define a natural connection on the bundle of Hilbert spaces and show that it is projectively flat. This 

identifies, up to a phase, equivalent spinor representations constructed by various polarisations. We 

introduce the concept of metaplectic correction for fermions and show that the bundle of corrected 

Hilbert spaces is naturally flat. We then show that the parallel transport in the bundle of Hilbert spaces 

along a geodesic is the rescaled projection or the Bogoliubov transformation provided that the geodesic 

lies within the complement of a cut locus. Finally, we study the bundle of Hilbert spaces when there is 

^ C*| a symmetry. 
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' 1 Introduction 

m ' 

One of the central questions in geometric quantisation is whether the quantum Hilbert spaces constructed 
from different choices of polarisations can be naturally identified. Since a quantum state actually corresponds 
to a ray of vectors, identification is only required for the projectivisation of the Hilbert spaces. This amounts 
to the existence of a natural projectively flat connection on the bundle of Hilbert spaces over the space of 
polarisations. When the symplectic manifold is Kahler, it is convenient to consider a subclass of polarisations 
that come from complex structures compatible with the symplectic form. Given such a complex structure, 
the quantum Hilbert space is the space of holomorphic sections of the pre-quantum line bundle. However, 
under quite general conditions (satisfied by, for example, the 2-sphere), there is no naturally projectively flat 
connection in the bundle of quantum Hilbert spaces |10j . 

The next best scenario is that projective flatness holds if we limit the polarisations to a smaller subset, for 
example, to those respecting the symmetry of the system. For a symplectic vector space polarised by linear 
complex structures, there is indeed a natural projectively flat connection in the bundle of Hilbert spaces pQ. 
Moreover, the connection is flat if we include metaplectic correction (5^1 US]. Parallel transport in the bundle 
yields the familiar Fourier and Segal-Bargmann transforms that are usually used to identify wave functions 
in various pictures [15] . (The Segal-Bargmann transform can be generalised to relate polarisations on the 
cotangent bundles of compact Lie groups |11( |9].) Another example of projective flatness is from quantising 
the space of flat connections on a compact orientable surface |13[ [1] ; in this case the complex structures are 
induced by those on the surface. 

Let (V, w) be a symplectic vector space and J, a compatible linear complex structure on V. The qunatum 
Hilbert space is a representation of Heisenberg algebra, generated by tensor powers of V subject to the 
canonical commutation relation. The existence of projective flatness is related to the celebrated Stone- 
von Neumann theorem |18j . which asserts that the irreducible representation of the Heisenberg algebra is 
unique up to a unitary equivalence. Moreover, by Schur's lemma, any two unitary equivalences between two 
irreducible representations have to differ only by a phase. So between the fibres over two linear complex 
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structures in the bundle of Hilbert spaces, there is a unitary identification which is unique up to a phase. 
This is the hallmark of projectively flat bundles. 

The main purpose of this paper is to establish a similar structure of projective flatness in the quantisation 
of fermions. The phase space of a linear fermionic system is a Euclidean space (V, g) and quantisation means 
finding an irreducible representation of the Clifford algebra, which is the fermionic analog of the Heisenberg 
algebra. (See |16[ [7] for formal similarities between the two algebras.) Such a representation is the spinor 
representation, and just like the bosonic case, it is unique (when dim V is even) or nearly unique (when 
dim V is odd) [5] . In the construction of the spinor representation, one needs to choose a compatible complex 
structure (see for example [3J, §3.2), which is the fermionic counterpart of polarisation. We therefore expect 
a projectively flat bundle (of spinor representations) over space of such complex structures. 

The rest of the paper is organised as follows. In ^21 we review the pre-quantisation and quantisation of 
bosonic systems whose phase spaces are symplectic vector spaces. We then recall the natural connection on 
the bundle of Hilbert spaces and give a straightforward proof of its projective flatness [1] . The connection 
becomes fiat after metaplectic correction is included [IS]. We present, in a coordinate-free way, the 
results in [15 on the parallel transport in the bundle of Hilbert spaces along geodesies in the base space. 
Finally, when there is a group acting symplectically on the vector space, we decompose the bundle of Hilbert 
spaces into a direct sum of projectively flat sub-bundles and identify the invariant part as the bundle from 
quantising the symplectic quotient. $3] is devoted to the quantisation of fermions when the phase space is 
an even-dimensional Euclidean space. We discuss the pre-quantisation and quantisation of fermions using 
calculus of fermionic variables. We then define a natural connection on the bundle of Hilbert spaces and show 
that it is projectively flat. This identifies, up to a phase, constructions of the spinor representation under 
various polarisations. We introduce the concept of metaplectic correction for fermions and show that the 
bundle of corrected Hilbert spaces is naturally flat. We then show that the parallel transport in the bundle 
of Hilbert spaces along a geodesic is the rescaled projection or the Bogoliubov transformation provided the 
geodesic lies within the complement of a cut locus. The decomposition of the bundle of Hilbert spaces when 
there is a symmetry is also studied. In we conclude by highlighting the similarities and differences in the 
quantisation of bosons and fermions. In Appendix we consider the geometry of the spaces of complex 
structures compatible to a symplectic or Euclidean structure, which are classical Hermitian symmetric spaces 
[211 [14] . We describe cut locus in the space of polarisations of a fermionic system. Appendix B is on the 
calculus of fermionic variables. We describe fermionic coherent states and the fermionic analog of Bergman 
kernel. In Appendix C, we collect some facts on real and quaternionic representations and on complex 
structures invariant under a representation. 



2 Quantisation of bosonic systems 
2.1 Pre-quantisation and quantisation 

Let (V, uj) be a symplectic vector space of dimension In. A pre-quantum line bundle £ over V is a line bundle 
with a connection whose curvature is oj/y/—\ . The pre-quantum Hilbert space is "Kq — L 2 (V,£), the space 
of L 2 -sections of £ with respect to the symplectic volume form e w = Lo hn jn\ or e w = e w /(27r) n on V. The 
covariant derivative V x along a constant vector field on V parallel to x £ V is a skew-self-adjoint operator on 
J£o an d satisfies the commutation relation [V x , V v ] = u)[x, 1 for any x, y £ V. As V is contractible, 

I is topologically trivial and is unique up to an isomorphism. We can choose a trivialisation of I identifying 

J£ with L 2 (V, C) such that 

V a = L x + | V-TasbW, x £ V. 

Here l x lu £ V* is regarded as a linear function on V multiplying on the sections of £ or on L 2 (V, C). For any 
a £ V* , the corresponding pre-quantum operator acting on !Ko is 

a = y/— 1 V ! /-i( Q .) + a = V — 1 ii/-i(a) J r\a. 

These operators are self-adjoint on !Kq and satisfy Heisenberg's canonical commutation relation [a, p\ = 
\/^Tw _1 (a, 0), where a,/3 £ V* . 

Consider the space 3 W of compatible complex structures on (V,w). (We refer the reader to §A.l-2 for 
notations and results on complex structures.) For each J £ 8u> the complex subspaces Vj'°, Vj' 1 of V c are 
Lagrangian with respect to u and they determine a (linear) complex polarisation of (V,uj). The quantum 
Hilbert space associated to J is 

Kj = {ip£X \ V x ip = 0, Vi e V° A }. 
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So a vector ip £ Jtj is a holomorphic L 2 -section of £. The compatibility condition on J guarantees that the 
space "Kj is non-empty; in fact, it is infinite dimensional. Note that for any J G 3 U , IKj is a subspace of Jfo- 
Thus we have a bundle of quantum Hilbert spaces J{ — > JJ W whose fibre over </ £ £L is !Kj. 
The following results are well known. 

Proposition 2.1 1. Any ip £ %j is of the form 

ip = e~^ qj (p 

for a unique J -holomorphic function <p on V, where qj £ £*;(•, J- ) £ Sym 2 (y*) is regarded as a quadratic 
function on V. 

2. If (p is a J -holomorphic function on V , then ip ~ e^^ qj p is in 'Kj if and only if its norm 




weighted by e 2 1-> is finite, in which case it is equal to the norm of ' ip £ ICq ■ 
3. For any a £V* , a preserves 3~Cj and is self-adjoint on "Kj. It acts on <f> by 

a: <p 1— > \f— I L u -i( a o,i)(t> + a 1 ' (p. 

If x 1 (1 < i < n) are the complex coordinates on Vy° with respect to a basis {ej}i = i,..., n , then the 
covariant derivative along ej is Vj = -~ + ^q^x 1 , where q.^ = qj(ei,e~j). A section ip £ J-Cj can be 
identified as a function of the form 

ip(x) = (f>(x) exp[-±q i jX i x J ], 
where 4>{x) is a holomorphic function in x = (x , • • • , x n ) £ C". 

2.2 Projectively flat connection and metaplectic correction 

The vector bundle — >• 3 W of quantum Hilbert spaces is a sub-bundle of the product bundle 3u x 3u> 
of pre-quantum Hilbert spaces. The trivial connection on the latter induces a natural connection on "K by 
orthogonal projection. In [T], it was shown that the connection on 5£ is projectively flat. For completeness 
and for comparison with the fermionic case ($3l2), we give a simple derivation of this result. 

We first study the effect of the variation 5 J on 3ij. We choose a basis {ej}i<i<„ of V]'° . Suppose ip £ JCj, 
i.e., Vfc-!/> — (1 < k < n). As J changes to J + 6 J, the infinitesimal parallel transport ip + Sip £ ^Kj+sj 
of ip £ Jfj is the orthogonal projection of ip on J-Cj+gj. Thus we have two conditions: Sip _L Jfj, i.e., 
Sip _L ker Vj for 1 < i < n, and ip + Sip £ 3{j + sj, or 

Vej+5ej(0 + ^) =0, 

where Sej = (5P)- J ej (see El2). This implies, to the first order, that Sip satisfies the equation 

Vi (Sip) = -{SP)JV^ = (SP^Vjib. 

We claim that 

5ib = ± V^lViiSPy^jip = ^V^l(SP) ij ViVjip 

is the (unique) solution satisfying the above conditions. (The second equality holds because (SP)^ is a 
constant tensor on V .) First, this Sip is orthogonal to "Kj as is the formal adjoint of V^. Second, as 
V# = 0, (SP)^ = {SPY 1 and [V;, V,] = t^j/V^l, we get 

v s (Sip) = iy=T(jp)«[v s , Viy,# = i^(«T'([v s , Vi]v rf + v,-]ty 

= WSi (JP)«V^ - (5P)/V^. 

The uniqueness is clear from the geometric interpretation. 

The connection I-form A w on 5£ satisfies (5 + A M )V> = 0. Therefore A w = -^f^(<SP) lJ 'VjV,-; it is an 
operator- valued 1-form on 3ui- We then calculate 

SA x = VEL m a A V5eiV . = ^=T ((5P) « A (< 5P)/v sVj 
= A (<5P)/ = § tr(P5PA5PP), 
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ignoring the terms that vanish on JCj, and 

Therefore the curvature of the connection on 'K is 

F M = i tt{P8P A idjf = v u /2V~L id M . 

Since it is a 2-form on 3 times the identity operator on the fibre, the connection on !K is indeed projectively 
flat pQ. (In §2.1 of [26] . it was shown directly, without the orthogonal projection from 3~Cq, that the formula 
for A M defines a connection on "K which is projectively flat.) 

We now incorporate metaplectic correction. Denote the restriction of X = (dctV)* — > 3 to 3u> (see §S]l) 
by the same notation X. Since 3u is contractible, there is a unique bundle VX -» 3^ such that (y/X)® 2 = X. 
The curvature of the natural connection on \[X is (see [15] or §S]l) 

pv^c = i pac = _i tl (psPA5PP) = -o u /2y/=l. 

We consider the bundle JC = J£ <E> V^C- Its fibre !Hj = J£j <X> v^O" over J e L is the mctaplectically 
corrected quantum Hilbert space with the polarisation J. Since the curvatures of J{ and \[X cancel, the 
bundle 'K — > 3 W is canonically flat [29] [15] . The flatness of the bundle indicates that for the symplectic linear 
space, quantisation is independent of the choice of polarisations. We summarise the results in the following 

Theorem 2.2 (p] 1291 115] ) Consider the quantisation of a bosonic system whose phase space is a finite 
dimensional symplectic vector space (V, oj). 

1. The bundle of quantum Hilbert spaces 3~C — > 3u is projectively flat, with curvature 0^/2^—1 . 

2. The bundle of quantum Hilbert spaces with metaplectic correction "K — > 3u> is flat. 



2.3 Parallel transport along geodesies and the Bogoliubov transformations 

We recall various results in [15]. Let (V,u>) be a symplectic vector space. The space (<L,Tlu) of compatible 
complex structures is non-positively curved and there is a unique geodesic connecting any two points. Let 
Jo, J\ € 3uj define two complex polarisations. We want to study the parallel transport Uj^ Jq and Wj^ Jq in 

the bundles and "K, respectively, along the geodesic from Jo to J\. A related notion is the orthogonal 
projection Vj 1 j from J{j to !Kj 1 in !Kq. 

Theorem 2.3 ([15]) Let Jq,J\ G 3u and let 7 = {Jt}o<t<i be the (unique) geodesic from Jq to J\, t being 
proportional to the arc-length parameter. Then 

1. the parallel transport in "K along 7 is Mj[j = (det Jo + Jl ) ^ Vj 1 j ; 

2. the parallel transport in VX along 7 is Mj(j = \ T ( det Ji/2/^— 1 |yi.o) 1 > an d 

(w0 o V^> vt^) = (det ^ y 1,A (Vmo", V/^> 

for any fi , fi' G A" {V}^) * ! _ 

3. the parallel transport in 3"C along 7, which is Uj[j a = Mj{j ® ^j^j > corresponds to the pairing between 
!Kj Q and Oi^ given by 

(^i®v^>^®>/Jio> = <V'i.Vto)<V^ir,VMo), in € JO,, in e A n {vl'°y (1 = 0,1), 

Proof: Part 1 is Theorem 3.4 of [15]. Part 2 follows from Theorem 3.3.2 and formula (3.9) of [15], except 
the parallel transport itself is expressed more intrinsically using Proposition lA.il Part 3 is Corollary 3.7 of 

m- □ 

We note that J °+ Jl is always invertible for J , Ji £ 3ui- The factor (det is±ii ) 1/4 appeared in [8] [28] and 
was used to rescale the projection Vj x j to a unitary operator called the Bogoliubov transformation [2"5I|29| . 
Therefore Theorem 12.31 1 shows that the parallel transport Uj^jg along the geodesic coincides with the 
Bogoliubov transformation. (The induced parallel transport on the creation and annihilation operators gives 
the more traditional version of Bogoliubov transformations.) The parallel transport can also be expressed 
using the Bergman kernel (Proposition 3.6 of [15] ): 
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Corollary 2.4 ([15]) Let ip = (f> e -i qj o € H Jo . Then for x € F, 

« 7o V)M = (det^) 1/4 e"W*) /" ex P [V=Iw(4» -\ qjl {y) -\qjM\<Kv) ^(v)- 

Jv 

Of particular interest is the parallel transport of a coherent state 

Cj(x) = cxp[qj(a, x) - \ q,j(x)} = cxp[-/-f w(a, x^ ) - \ q.j{x)\, x € V, 
where J € 3 W and a € V^' is a parameter. We recall some results from [15] , but in a coordinate-free way. 

Theorem 2.5 ([T5J) Under the assumptions of Theorem \2.3[ 

1. the parallel transport along 7 of the coherent state Cj o € !Hj is, for x € V, 

= (det ^ )- 1/4 e-i^ W exp [^(x^ - a, )" l (4f -a))]; 

2. the parallel transport along 7 of any state ip — e~i qj o(j> g Jfj is, for x E V, 

{U^jM*) = (det^^VW*) f expd,^ 1 , f^f-^) )" I ff*(v)] *(v) W 

Jv 

Proof: Part 1 is Theorems 3.3.1 of 15], where it was proved by solving the equation of parallel transport. 
As remarked in Q5] (after Corollary 3.7), the result also follows from the Bergman kernel by Theorem 12. 31 1 
or Corollary 12.41 Since the latter approach will be adapted in the proof of Theorem 13.51 1 for fermions, we 
include the details here for comparison. Indeed, for any x £ V, 

(Vj lJo c a Jo )(x) = e -W-) f exp [V=lu(y, 4;°) - § w fc,, **&y)] e^ 1 ^ e u {y) 

Jv 

= e -W-)exp[ia;(4' -a, (^±i - a))] f e^^v'.^v') ^ 

1 1 Jv 

= (det^±i)" 1/2 e-J^^exp[iu;(4; -a, f^ - a))] , 

where the change of variable is y' = y — \f— 1 ( Jo + Jl ) _1 (a;j i — a). Here we used the Gaussian integral 

/ e-^^'^ewCx) = (det A)" 1 / 2 

for any A € End(F) such that uj(-,A-) is a symmetric, positive-definite bilinear form. (This implies det A > 
0.) Part 2 is Theorems 3.8 of Q5]. □ 

In particular, when J\ = Jo, the above reduces to the identity transformation. When n = 1, we use the 
parametrisation in §A.2. We note that a € Vjf an d x£ V = V^' can be identified with complex numbers. 
If the geodesic {Jt}o<t<i from J to J\ is given by z(t) — tanhfri, then Theorem 12.51 gives 

(Uf lJo Cj )(x) = Vscch b exp [ tanh 6 + \ (a 2 - z 2 )sech6- \ 

This is an important case (n — 1) of Proposition 3.2 in |15j . 

2.4 Bosonic systems with symmetries 

Let (V,lu) be a symplectic vector space of dimension 2n. The action of Sp(V,cj) on 3 W can be lifted to !K, 
preserving the projectively flat connection. It can be lifted to an action of the metaplectic group Mp(V, w), 
which is a double cover of Sp(V,u;), on V% and hence on 'K. The lifted action preserves the flat connection. 

Let K be a compact Lie group with Lie algebra Suppose there is a representation of K on V preserving 
oj. Then it also acts on the bundles and 3i preserving the connections. Over the fixed-point set (3u) K , 
the group K acts on the fibres of IK. Each fibre splits orthogonally into a direct sum of subspaces of various 
representation types. Since K preserves the connection, the restriction of the bundle "K to (3u>) K , together 
with the projectively flat connection, splits into sub-bundles with fibre-wise i^-actions. The sub-bundle l K K 
on which K acts trivially is related to the quantisation of the symplectic quotient. 
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The action of K on V is Hamiltonian with a moment map [Ik ■ V — > t* given by 

(Hk(x),A) = \ ui(x, Ax), xeV, Aet 

The symplectic quotient V//K = ^^{Q)/K is a stratified symplectic space [23]. Choosing J G (3u) K , the 
action of K extends to that of K c . Let tt:V^ V/K c be the quotient map. With the above moment map, 
every point in V is semi- stable, i.e., V ss = V (see Example 2.3 of [22 ). The quotient V/K c = V//K is also 
a stratified analytic space; a function / on an open set U C V/K c is analytic if tt* f is so on 7r _1 (L/). On 
the singular space V//K , this analytic structure replaces the notion of polarisation. The sheaf of invariant 
sections n^£ on V/K c defined by 0(n^ £)(U) — r(7r _1 (J7), 0(l)) K plays the role of a pre-quantum line 
bundle. We have (cf. Proposition 2.14 and Theorem 2.18 of [22]) 

r(V//K,0(n?£)) = r(V,0(£)) K . 

Restricting to the L 2 -subspaces, we can identify (^ij) K with the quantum Hilbert space arising from the 
quantisation of V// K with a complex structure induced from J. 

We have a projectively fiat bundle "K K — > (du) K whose fibres are quantum Hilbert spaces of V//K with 
complex structures from (S u ) ■ The connection is unitary if the inner product in the fibres (^ij) K is the 
restriction of that in This is the case, for example, in the quantisation of Chern-Simons gauge theory pQ. 
The inner product on ('Kj) K from quantisation of V//K is usually different. In it was shown that for a 
compact symplectic manifold with a Hamiltonian group action and when metaplectic correction is included, 
the two inner products agree in the semi-classical limit. 

Unless the moment map \xk is proper, the symplectic quotient V//K is non-compact and the quantum 
Hilbert space ('Kj) K is expected to be infinite dimensional. When [Ik is proper however, the base space of 
the bundle "K K (3u) K is a point. 

Proposition 2.6 If hk'- V -> t* is proper, then (3u) K = {Joy- 
Proof: If (3 U ) K ^ {Jo}, then by PropositionEll, there is a non-zero if-invariant complex subspace (V, Jo) 
of (V, Jo) and a .^-invariant real structure R on V such that uj(Rx,Ry) = —u>(x,y) for all x,y € V . For 
any A e 4, x e V , we have 

(hk(Rx),A) = ±lo(Rx,ARx) = \ uj{Rx,RAx) = -\u(x,Ax) = ~{n K (x),A). 
Therefore {Ik = on Vq — (V') R and hence /Ik is not proper. □ 

3 Quantisation of fermionic systems 
3.1 Pre-quantisation and quantisation 

We consider pre-quantisation |17j and quantisation |28) of linear fermionic systems. The phase space is given 
by a finite-dimensional real vector space V equipped with a Euclidean inner product g. More precisely, it 
is a fermionic copy nV^ of V (see $Bjl). The pre-quantum line bundle does not exists in the usual sense, 
but its "sections" and the operators acting on them do. Motivated by the bosonic case (<j2]l), we take the 
pre-quantum Hilbert space !Ho of fermions as /\*{V C )* , the space of "functions" on HV. On J{q, there is an 
Hermitian form given by the Berezin integral (see $B]l for definition and notations) 

(ip,ip') = ijA* ^'e g , i^'GKo, 
Juv 

where V> is the standard complex conjugation of tp, *o is the Hodge star defined by the metric \ g. The 
covariant derivatives take the form 

= l x - | v{x) A • , x e V 

and satisfy the relation 

{V x , Vj,} = -g(x,y), x,yeV. 

So the "curvature" is a symmetric bilinear form; the minus sign is enforced by the requirement, as in the 
bosonic case, that the covariant derivatives are skew-self-adjoint operators on !Kq. 
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A linear functional a G V* is a "classical observable" that can be pre-quantised, giving rise to a self- 
adjoint operator 

a = V„-i( a ) + «A ■ = + 5 a A • 

on o . These operators satisfy the canonical anti-commutation relation or the Clifford algebra relation 

{&J}=g- 1 (a,P), a,{3eV*, 

making a (reducible) Clifford module. 

We now assume that V is even dimensional; let dim V — 2n. Recall from §A.2 the space 3 g of complex 
structures on V compatible with the metric g and the orientation. Each J G 3 g defines a polarisation, a 
maximally isotropic complex subspace Vj'° of V c . The quantum Hilbert space (with the choice of polarisation 
J) is 

•Kj = {ib G 5C I = 0, Vx g vf 1 }. 

We have a bundle of quantum Hilbert spaces "K — > 3 g whose fibre over J G 3 g is 'Kj- 

On Jfo, there is an involution ip i— ► ifi* defined as the unique linear extension of the operation («i A • • • A 
afe)* = ctfc A • • • A ot\, where cti, . . . ,ctk G (F )*. 

Proposition 3.1 1. Any ip G JCj is of the form 

ip = e^ roj A <b 

for a unique (f> G /\'(Vj '°)*> where vjj — g(J-, •) £ /\ 2 V*. Consequently, dime IKj = 2™. 
Suppose ip,ip' € ?{,/ correspond to </>,</>' G A*CK/' )*' respectively, then 



(^,V')o= / <M*<£% = / (f)* A (f)' A e 



g — I Y " V " » t ff , 

'nv Jny 
where * is the Hodge star defined by g and e g = y— 1 n e s . 

5. for any a € V™, d preserves "Kj and remains self-adjoint on Jtj. /< acts on tfi £ )* 

a: t„-i( Q o,i)(/> + a 1,0 A 0. 

Proof: 1. Write r/> = e 22 ^"'*'- 7 A for some (unique) </> G J£o. Then for any a; G V, we have 

V X V = e^ roj A - i^x 1 ' ) A 4>). 
Therefore iji G JCj if and only if ^ = for all x G Vj' 1 . This implies </> G A*(^j'°)*- 

2. We choose a basis {ej} of Vj'° such that <7(ei, e~j) = 5ij and e 9 = e\ A ■ ■ ■ A e n . Assume, without loss of 
generality, that <j) — <j)' = e\ A ■ ■ ■ A e* k (1 < k < n). Then 

n — k 

1> = 4> A E ^ A e* A • • • A e*. A e*.. 

r=0 fc+l<ii <-.-<i r <n 

Since * = 2 P ~"* on A P V*, we have 

fcffc-i) n-fc 



*° ^ = ( 7=^ * A E 2r+ ^" E 4 A A ••• A g 

r=o fe+i<ii<...<j«_ r <n 

So 

f n — k 



J nv r=0 



The two integrals in the equality are clearly 1 (cf. proof of Proposition [Bj2). 
3. This follows from the identity 

a(e^™ J A<j)) = e^™ J A (i v -i (a)(f> + a 1 ' A < 
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which yields the result when & € /\' (Vj'°)* . D 

We note that the space A'(Vj'°)* with the action of a € V* in Proposition 13.11 3 is the standard 
construction of the irreducible Clifford module of spinors. Here it arises naturally in the quantisation of 

fermionic systems. The factor e~^~ raj is the fermionic analogue of the Gaussian in Proposition 12. 11 1. It is 
crucial in achieving projective flatness for the bundle % — » 3 g (Sl2), as the bundle /\* V* — > 3 g without the 
fermionic Gaussian factor is not projectively flat. 

The results in this section can be explained using "fermionic coordinates". We refer the reader to £lBl2 
where this is done. 

3.2 Projectively flat connection and metaplectic correction 

We study the geometry of the bundle 3~C — > 3 g of Hilbert spaces of the fermionic system (V,g). Following 
Sj2j2, we define a connection on !K by orthogonal projection of the trivial connection on the product bundle 
3 g x Jfo -> 3 9 . We now show that this connection is also projectively flat. 

Along a variation 5 J of J 6 3 g , ip € JO changes to ip + Sip S JO+5J by parallel transport. Since ip + Sip 
is the (infinitesimal) orthogonal projection of ip to "Kj+gj, we have, as in $2]2, Sif> _L JO and 

The (unique) solution that satisfies the above two conditions is 

8i> = -\ Vi(SP) ij ! V,-V = -\ {SP) ij ViV^. 

First, this Sip is orthogonal to JO as is the formal adjoint of V^. Second, as Vjtp = 0, (5P) y = —{5Py i 
and { Vj, Vj} = -g- ip we get 

= gjniSP^Vrf = (SP^Vjip. 

The connection A M on IK is determined by (<5 + A^)^ = and thus A M = | ((5P) ij 'ViVj. Following the 
calculations in $H2, we get 

5 A M = -i (<5P) 4J A V ae< Vj = -§ (5P) lJ A (^P)/v i V j 
- -Ig-uVP)* A = -i tv(P5PASPP) 

and 

A M AA M = i V^VjVfcVi (<5P) 4J A (<5P) fci = 0. 
Therefore the curvature of the connection A K is 

F M = - I tr(P5PA5PP)id M = ff^V 3 ! idje. 

Since it is a 2-form on J g times the identity operator on the fibre, the connection is projectively flat. 

We propose a metaplectic correction for fermions. Recall the line bundle JC _1 = det V — i 3 g whose fibre 
over J is OCj 1 = f\ n Vy . We claim that ci(JC) is even. This can be seen from the holonomy of the bundle 
J£ with curvature F M = — id M . Since 3 g is simply connected, there is a unique line bundle \/3C _1 — > 3 g 
such that {\/'K~ 1 )® 2 = JC _1 . The bundle \f%" 1 has a connection ($S]l) whose curvature is 

p/5c^ = _i F ac = i t^p SP a SP P) = -ct 5 /2V^T. 

For any J, J' <E 3 g , there is a pairing between = /\™ Fj' and JCj, 1 = /\" V^/ . For any /x £ and 
fi' G JCy, 1 , (//, /i) is the ratio of ft,' A [i and e 9 . Since (//, /x) > if /x 7^ 0, there is an inner product on yX^j 
defined by (*/Ji, ^fp) = y/{(i,(i). 

We consider the bundle JC = "K ® V^F 1 . The fibre JO = "Kj ® ^/jCj 1 over J € 3 9 is called the 

metaplectically corrected quantum Hilbert space in polarisation J. Since the curvatures of JC and yXr^- 
cancel, the bundle JC — > 3 is canonically flat. The flatness of the bundle indicates that for the fermionic 
system whose phase space is a linear space, quantisation is independent of the choice of polarisations. We 
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note here that in contrast to the bosonic case, the metaplectic correction is obtained by tcnsoring JC,/ with 
^JCj 1 instead of '. This is clearly related to the opposite way a fermionic measure transforms under 
coordinate changes. We recall from fJ5]2 that the pseudo-Kahler form cr restricts to cr^ on 3u> but to — <j g 
on 2 g - Consequently, for both bosonic and fermionic systems, the line bundle of half- forms has a negative 
first Chern form on the space of polarisations. 
We summarise the results in the following 

Theorem 3.2 Consider the quantisation of a fermionic system whose phase space is given by a finite di- 
mensional Euclidean vector space (V,g). 

1. The bundle of quantum Hilbert spaces "K —¥ 3 g is projectively flat, with curvature <J g /2\/—l . 

2. The bundle of quantum Hilbert spaces with metaplectic correction "K — > 3 g is flat. 

3.3 Parallel transport along geodesies and the Bogoliubov transformations 

We investigate the parallel transport in the bundles 5£ and "K along geodesies in 3 g - Unlike 3u, which is 
contractible and non-positively curved, the space 3 g is compact and non-negatively curved. The geodesies 
through two conjugate points in 3 g are not unique. Nevertheless, we show that if Jo, Ji G 3 g are not in 
the cut loci (see $2]3) of each other, then the parallel transport U^j along the (unique) length-minimising 
geodesic from Jo to J\ is the rescaled orthogonal projection T j j 1 ,j from r K,j Q to r K,j 1 in CKq. The latter was 

called the Bogoliubov transformation of fermionic systems |28j . The inner product in ^J%~f^ extends to a 

pairing between yj OCj* and \J^\j^ along the geodesic, which is non-degenerate as long as Ji is not on the 
cut locus of Jo (Corollary IA.5I) . 

Theorem 3.3 Let Jo, Ji G 3 g and let 7 = {Jt}a<t<i be a geodesic from Jo to J\, t being proportional to 
the arc-length parameter. Assume that the geodesic lies completely in the complement of the cut locus of Jo. 
Then 

1. the parallel transport in IK along 7 is Mj[j — (det J °+ Jl ) 'Pj 1 j ; 

2. the parallel transport in along 7 is Uj^ 1 = , /dct J^/V -1 |yi,o, and 

"V J o 

(WJ^V/^VW = (det^) 1/4 (^VFo) 
for any /x ,// G A K/J ; 

3. the parallel transport in 3X along 7, which is l^j^j = ^j^j ® Jo"* ' corres V on ds to the pairing between 
J£j and < Kj 1 given by 

(ipi ® VMi'V'o® V^o) = (ipx,ih){y/^i; V/A)), V>* G Mj, , m G A" Vjf (2 = 0,1). 

Proof: 1. Choosing a unitary basis {e^} of VjJ , the geodesies in 3 g — SO(2n)/U(n) are given by Propo- 
sition We can assume without loss of generality (cf. the proof of Theorem 3.4 in [T5]) that n = 2 
and k = 1, b = b\ > 0; the case n = 1 is trivial. Then as in the proof of Proposition IA.41 the vectors 
= cosbt e\ — sin&t e^, e^ = cosbt e2 + sin&i e\ form a unitary basis of Vj^°. Since (SP) e± = —be^ 
and (SP) e^ = be^, we have (SP)i = —b and hence (SP) 12 = b; here the tensor indices correspond to 
the basis {e^\ }. We want to find a(t) such that the quantity a(t)(-ip' ,ip t ) is independent of t for any 
ip' G "Kj if ipt G "Kj t is a parallel transport of i/jq £ "Kj a . This would imply — Qi(t) _1 Vj t j a . Since ipt 
satisfies the differential equation 

^ = -§ (5P) JJ ViVj V* - -&ViV 2 ^t, 

we have 

= a(f)(^,^)-&a(*)^',VxV 2 ^) 

= a(t){if)',ip t } - 6a(i)(V/,(secMV^ 0) - tan^V2)V 2 V't) 
= d(i)(V>', V>t> + & a(t) tan &f (V/, {V2, V 2 }V>t> 
= (a(t) - ba(t)t&nbt) (tp', ip t ). 
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Solving a — bat&nbt = with a(0) = 1, we get a(t) — (cos oi) _1 . By Proposition IA.41 the assumption on 
the geodesic means that °t * is invertible for all t G [0, 1]. Since det J °+ Jt = cos 4 bt, this means \b\ < 5 
and the result follows . 

2. The formula for Uj^' 1 follows from Lemma Ell. It suffices to show the rest when n — 2 using the above 
parametrisation. If we take fig = A then (mo,Mo) = 1 and 

Uf~j fi = ef A ef = cos 2 btfi + ■■■ , 

where the omitted part has a factor from Vj^~ . The result then follows from 

(U^-jI fi , Mo > - cos 2 bt = (det ) 1/2 . 

3. This is an immediately consequence of parts 1 and 2. □ 

Notice that although power of the factor (det J Q+ Jl ) ^ 4 in Theorem 13.31 1 is opposite to that in Theo- 
rem [2T3J1, both are greater than 1. Using the fermionic analog of the Bergman kernel projection in Propo- 
sition IB. 21 we have 

Corollary 3.4 Let ijj — e" i T^" roj o A (f> G JCj - Then for fermionic but real 9 G ILV, 

{Uf lJo m) = (det^y 1/4 e^-'^ [ exp [g{9)^x) + ^™jAx) + ^ ™J (x)] Hx) ~e 9 {x)- 

Jnv 

We recall from S|B]2 the notion of fermionic coherent states. 



Theorem 3.5 Under the assumptions of Theorem\ 

1. the parallel transport along 7 of the coherent state c" o is, for 9 G LTV , 

m Jo c%)(e) = (det i*±A )V* exp g(9$ - a, (^ f^f -a))]; 

2. the parallel transport along 7 of any state ip = e3 roj o A G IKj Q is, /or 6> G LTV, 

(^)W = (det^) 1/4 eW*)/ exp [vEI,(^- x ° ; \ (A^ fWf-X^)) + ^f 1 0(x) 

Proof: 1. We follow the proof of Theorem 12.51 1. By Lemma TB. II and Proposition IB. 21 we get, for fermionic 
but real G ITY, 

(^Jo^ )(«) = ^ roJl(e) / exp + ^ <?(^X,x)] e 9( ^ a) Ux) 

Jnv 

Jnv 

= (det ) 1/2 e^W exp 5 (^° - d, (*±i ^ _ s) }] ( 



where we made a change of variable \' — x — ^/— 1 ( J °+ Jl ) 1 — a ) anc l used Lemma fB. II The condition 
that Jo + Jt is invertible for all < t < 1 implies that J °+ Jl is in the same connected component of invertible 
skew-symmetric operators as Jo- The result then follows from Theorem 13.31 1. 
2. By Proposition [B]2l we have 



W, 0) = / c}(9) e-*k,X) 0( X , x) e( X ). 
Jnv 



The result then follows from part 1 and the linearity of fermionic integration. □ 

When n = 2, if the geodesic {Jf}o<t<i from J to Ji is given by z(t) = tanbt, where |fe| < |, then 
Theorem 13.51 gives 

(Uj lJo c%)(e) = cos& exp [(flV + 6> 2 a 2 )sec6 + ± (a ! a 2 + tf 1 ^) tano - § (9 1 9 l + 6> 2 (9 2 )] , 
which can also be obtained by solving the equation of parallel transport as in the bosonic case (cf. |15|). 
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3.4 Fermionic systems with symmetries 

Let (V,g) be a Euclidean space of dimension 2n. The action of SO(V,g) on d g can be lifted to "K, preserving 
the connection. It can be lifted to an action of the spin group Spm(V, g), which is a double cover of SO(V, g), 
on and hence on J£. The lifted action preserves the flat connection. 

Suppose if is a compact Lie group with Lie algebra { acting on (V, g) by an orthogonal representation. 
Then it also acts on the bundles "K and "K preserving the connections. Over the fixed-point set (dg) , 
the group K acts on the fibres of "K. Each fibre splits orthogonally into a direct sum of subspaces of 
various representation- types of K . Since K preserves the connection, the restriction of the bundle "K to 
(3 g ) K together with the projectively flat connection splits into sub-bundles on which K acts fibre- wisely. In 
particular, we have a projectively flat sub-bundle 5C — > (dg) on which K acts trivially on the fibres. 

We now study the fermionic reduced phase space UV//K and its quantisation. The action of the Lie 
algebra J yields Hamiltonian "vector fields" on UV [T7]. The moment map /j,k is given by, for any A E t, 
( f iK,A) = ±g(A;-)ef\ 2 V*or 

{fJ, K (0),A) = \g(A6,6), 9 e UV, Aef 

using fermionic variables. Following the construction of the usual symplectic quotients, the fermionic ana- 
logue UV//K should be the "spec" of the non-commutative ring (/\* (V*) c / {hk)) k , where (fix) is the ideal 
generated by (hk, A) for all A E t. The "space" UV//K is not usually a graded manifold in the sense of |17j : 
it would be so if were a regular value of \ik [2 ■ So fermionic symplectic quotients are interesting examples 
of supcrmanifolds with curved fermionic coordinates. Consider the example V = M. 2n with K = S 1 acting 
by weights Ai, . . . , A r ^ 0, A r+ i = • • • = A„ = 0. Then the "coordinate ring" of UM 2n //S 1 is generated by 
l,e 1 9 2 ,...,e 2r - 1 2r ,e 2r+1 ,...,e 2n subject to a relation X 1 9 1 9 2 + • • • + X r 9 2r ~ 1 9 2r = 0. Here 9 1 ,...,9 2n are 
the fermionic coordinates on LIR 2 ". When r — 1, the above ring is the exterior algebra on 9 3 ,. . . ,8 2n and 

thus UR^f/S 1 im 2n - 2 . 

Proposition 3.6 Ifdim(3 g ) K > 0, then there is a non-zero K-invariant complex subspace (V' , Jo) of (V, Jo) 
with a K-invariant quaternionic structure such that the restriction of \xk to IIV is invariant under the scalar 
multiplication by quaternions of unit norm. 

Proof: By Proposition IC.4I 2. there is a non-zero if-invariant complex subspace (V',Jq) of (V, Jo) and a 
/AT-invariant quaternionic structure Q on V 1 such that g(Q-, Q-) — g(-, ■) on V'. For any A G t, we have 

(n K {Qd),A) = ±g(Qd,AQ9) = lg(Q6,QA9) = \g{9,A9) - (fi K (0),A), 

where 9 g UV'. The result then follows easily from g(Ja-, Jo-) = g(-, ■) and QJo = —JqQ. □ 

4 Concluding remarks 

We end with a comparison of the quantisation of bosons and fermions. As explained in ^JTJ the existence of 
projectively flat connection is due largely to the fact that the irreducible representation of the operator algebra 
(Heisenberg algebra for bosons and Clifford algebra for fermions) is unique up to unitary equivalence. This 
enables us to identify, up to a phase, states in Hilbert spaces constructed from various linear polarisations. 
Moreover, the geometric structure of the bundle of Hilbert spaces and results on parallel transport are rather 
similar in the bosonic and fermionic cases. 

We note however some conceptual differences. For bosons, the positivity condition is on the polarisation 
whereas for fermions, it is on the Euclidean structure g. Indeed, the unitarity of the representation of the 
Heisenberg algebra is not sensitive to the sign of u, whereas for fermions, the positivity condition on g is 
the requirement for unitarity [25] . On the other hand, the positivity condition on polarisation for bosons 
guarantees the existence of holomorphic sections rather than elements in higher cohomology groups. For 
fermions, the cohomology is always at the zeroth degree; this reflects the Dirac sea picture in physics. 

Mathematically, the spaces of allowed polarisations are Hermitian symmetric spaces in both cases. For 
bosons, the space non-compact, non-positively curved. Though it is contractible, the difficulty occurs at the 
boundary at infinity, where the limit of parallel transport should be carefully taken [15] . For fermions, the 
space of polarisation is compact, non-negatively curved. Though it has no boundary, interesting phenomena 
(non-uniqueness of geodesies, degeneracy of the half-form pairing) because of cut locus (<|A]3 and JH3). 
Furthermore, the half-form bundles in metaplectic correction are of opposite powers of the canonical bundle 
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in the two cases in order to cancel the curvature of the projectively fiat connection. We hope that these 
observations are useful to future research on the quantisation of more general symplectic or graded symplectic 
manifolds. 



Appendix 

A Geometry of the space of complex structures 

A.l Complex structures on a vector space 

Let V be a real vector space of dimension 2n. Consider the set 3 of complex structures on V compatible 
with a given orientation on V. For each J <G 3, there is a decomposition V c = Vy° © Vy , where Vj'°, Vy 
are the holomorphic and anti-holomorphic subspaces, on which J = ±^/~^l , respectively. Similarly, there is 
a decomposition (V*) c = (Vy )* © (V^' 1 )*. For x G V, a G V* , we write, accordingly, 

1.0 . 0,1 1,0 , o.i 

x = x j + x J , a — a j + a J . 

The space 3 is a connected smooth manifold of real dimension 2n 2 . At any J G 3, the tangent space of d is 
Tj a 3 = Homc(Vj o ' , Vj^). Moreover, a dense open subset of 3 can be parametrised by Z G Homc(Vj o '°, Vj 1 ' 1 ): 
for any such Z, the corresponding subspace Vj'° is the graph of Z, that is, Vj'° consists of the vectors of 
the form (^ x ) under the decomposition V c = V]^ © V^' 1 , where x G Vj^°. These open sets (for various 
Jo) have complex coordinates and form an open cover of 3- This defines a complex structure on 3- For a 
fixed Jo G 3, the complement of the open set consists of J G 3 such that Vj'° n Vj^ 1 y {0}, which happens 
when J+ Jo is not invertible. On the other hand, not every Z G Homc(Vj'° , Vy 1 ) corresponds to a complex 
structure. If it does, then the condition Vy° n Vy 1 — {0} implies that 1 — ZZ e EndfVjJ ) is invertible. 
An element Z that violates this condition is on the "boundary" of 3- Finally, the projection onto Vy° along 
Vy 1 is Pj = i (1 — y/^lj). Given Jo, on the dense set where J can be parametrised by Z, the projection is 

pj=(iyi-zzr\i, - Z ). 

Suppose 5 J is an infinitesimal variation of J e 3- (The symbol 8 can be interpreted as the differential on 
3 ) Since the change 8P = — SJ of P = Pj anti-commutes with J, it is off-diagonal with respect to the 
decomposition V c = V} 1,0 ©^' 1 . The new holomorphic subspace Vj+ SJ is the graph of the Homc(V"j'°, Vj' 1 )- 
componcnt of SP. Since P + P = idy, we have SP = —5P. 

We consider the vector bundle V — > 3 whose fibre over J G 3 is vy°. This is a sub-bundle of the product 
bundle 3 x V c and has a connection defined by the projection Pj. This connection on V is A v = —(SPj)Pj 
and its curvature is 

F v = Pj SPj A5PjPj = -\ Pj SJ A SJ Pj 

^ (i - zzy x sz a (i - zzy x sz(\ - zzy x {\, -2). 

The curvature of the line bundle det V = /\ n V — >• 3 is the 2-form 

F dotv = tr ( Pj SPj A 5Pj = _ Z z)-i sz a (l — zzy^sz). 

(All expressions in terms of Z are valid on a dense open set of 3 only.) The canonical line bundle over V is 
the product bundle V x Xj, where Xj = f\ n (Vj' )*. We have a line bundle 3C — > 3 whose fibre over J e 3 
is Xj. In fact, X = (detV)* and its curvature is' F K = -F dctV . 

The space 3 has a transitive action of GL+(V), the identity component of GL(V") = GL(2n, K) preserving 
the orientation on V. At Jo G 0, the isotropy subgroup GL(V, Jo) = GL(n,C) consists of elements in GL(V) 
that commutes with Jo. Therefore 3 can be identified as the homogeneous space GL+(V)/ GL(V, Jo). The 
Lie algebra of GL + (V^) has the decomposition qI(V) = gl(V, Jo) ffitn, where gi(V, Jo), m are the subspaces in 
gl(V) of elements that commute, anti-commute with J , respectively. Since m is invariant under the adjoint 
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action of GL(V, Jo) and since [m,m] C Ql(V, Jq), GL + (V)/ GL(V, Jo) is a reductive symmetric space. The 
trace form on m = Tj 3 is a GL(F, Jo) -invariant non-degenerate symmetric bilinear form and it induces a 
pseudo-Riemannian metric 

u = 2 tr(Pj <5Pj <5P 7 Pj) = 2 tr((l - ZZ)" 1 ^ (1 - ZZ)- 1 ^) 

on 0. It is pseudo-Kahler with the pseudo-Kahler form 

a = F x /V^l = V^T tr(P 7 SPj A SPj Pj) = V^l tr((l - ZZy 1 5Z A (1 - ZZ)- X 5Z). 

The group GL + (V^) acts on Z by fractional linear transformations preserving cr. 

The map J i— > J ~ 1 JJq is an isometric reflection on 3 that induces minus the identity map on the tangent 
space Tj 3 = m. As 3 is reductive, a geodesic in 3 is of the form t H> [<? t ] with g t = go e tM (see [19]), where 
.go G GL+(V), M G m and [g] denotes the coset in GL+(Vj/ GL(V, J ) = J represented by g G GL + (F). 
The parameter t G K is proportional to the arc-length on the geodesic. 

Proposition A.l For any t, Jt/2/V— 1 *s i/ie parallel transport in V along the geodesic from Jo to Jt- 

Proof: Since the geodesic starts from Jo, we have go — 1, hence gtgr — 9t+t' an d g^ 1 = g~t- The reflection 
at Jo reverses the direction of each geodesic passing through J , as J G ~ 1 g t Jo — g-t- The complex structure 
at [g t ] is J t = g t Jo9t X = 52tJo = Jo9-2t, and hence J J-t = Jt Jo = -.92*- Jo/V-T is the identity map on 
Vjf> Jt/2 = 9tJo maps Vjf to Vjf, and ^ J t/2 = 9tMJ maps FjJ to V°f. So Jt/2/V-l satisfies all the 
requirements that uniquely defines the parallel transport in V. □ 

Corollary A. 2 If J, J' and J" are three points on a geodesic such that J' bisects the segment between J 
and J", then J' J = J" J' and J'/ \J — 1 , which maps Vj'° to Vjl? , is the parallel transport in V from J to 
J" along the geodesic. 

A. 2 Complex structures compatible with a symplectic or Euclidean structure 

Given a symplectic form lo on V, & complex structure J on V is compatible to to if w(J-,J-) = w(-,-) 
and oj(-,J-) > 0. (The second condition implies that the orientation defined by J coincides with that 
of the volume form uj n /n\.) Let 3u> be the set of such J. The symplectic form defines an isomorphism 
v = : V — > V* by x G V 1— > i x U) G V* and a holomorphic involution s = s u on 3 by J 1— > o T J o v. 
The fixed-point set 3 s consists of J € 3 satisfying oj(J-,J-) = oj(-, •). The connected components of 3 s , 
one of which is are labelled by the signature of the symmetric bilinear form w(-, J-). Since s is an 
isometry, 3 s is a totally geodesic submanifold. In fact, 3uj is a Kahlcr manifold since the pseudo-Kahler 
metric n restricts to a positive-definite metric u^ on 3u- So the restriction cv, of cr to 3uj is a Kahler form. 
Given Jo G 3u, the whole space 3u> can be parametrised by Z G Homc(V)'° , VV ). We denote by the same 
notation t/: V^' 1 -> (V^' )* the restriction of the isomorphism v: V c -> (y*) c . Then J G 3 s if and only if 
i/o Z G Sym 2 (Vj o ' )*, or equivalently, Zo g Sym 2 Vj' . The tangent space Tj 3ui consists of Z satisfying 
this condition. The condition cj(-, J-) > is equivalent to 1 — ZZ > with respect to the Hermitian form 
ho(x, y) — ui(x, Joy) = —\/—Ioj(x, y), x, y G Vj^°. The symplectic group Sp(V, uj) acts transitively on 3u> and 
the isotropic subgroup at Jo is the unitary group U(V, ho). So 3u — Sp(V, w)/U(V, fto). It can be identified 
holomorphically with a bounded Hermitian symmetric domain or with the Siegel upper-half space; the two 
are related by a Cayley transform. 

If instead there is a Euclidean inner product g on V, let 3 g be the set of complex structures J that is 
compatible with g, i.e., g{ J-, J-) = g(-, •), and the orientation on V. There is an isomorphism v — v g : V —¥ V* 
defined by x G V n- i x g G V* and an involution s = s g : J ^ v~ x o T J ov ow3- The fixed-point set is 3 s = 3 g - 
As s is an isometry, 3 g is totally geodesic in 3 as in the symplectic case. 3 g is Kahler since the restriction r\ g 
of — T) to 3 g is positive definite; the restriction cr g of — cr to 3 g is the Kahler form. Given J G 3 9 , we denote 
also by v. VjJ 1 — > (Vj-' )* the restriction of v. V c —> (V*) c . On the dense set of 3 that can be parametrised 
by Z, J G 3 g if and only if the corresponding Z satisfies z/oZ G f\ 2 (Vj^ )*, or equivalently, Zoi/ -1 g /\ 2 V^' . 
The tangent space Tj 3 g consists of Z satisfying this condition. For any such Z, we always have 1 — ZZ > 
with respect to the Hermitian form ho{x,y) = g(x,y), x, y G Vj^°. The group SO(V,g) acts transitively on 
3 9 and the isotropic subgroup at Jo is U(V, ho). The space 3 g — SO(V,g)/ U(V, ho) is a compact Hermitian 
symmetric space. Finally, if in addition there is a symplectic form cuonV such that u(-, Jo-) is proportional 
to g, then 3u and 3 g intersects at Jq orthogonally with respect to the pseudo-Kahler metric r| on 3- 
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We describe the results using tensor indices. Let {ei}i<i<„ be a basis of Vj^°. Then {ej} is a basis of Vj' 1 . 
We represent Z G Homc(V r j o '°, VjJ 1 ) by a matrix Z/ such that Ze^ = Z/ej. If (V,u) is a symplectic vector 
space, we have w^- = w(ej, ej) = — w^j. Set Zjj = (2/ o Z),j = Z^uj^j and Z y = (Z o v^ 1 )^ = uj lk Z k 3 . Then 
Z determines an element in 3u> if and only if Zy = Zji (or Z %3 = Z-? 1 ) and the matrix 8? — Z i Z£ is positive 
definite. If (V,g) is a Euclidean space instead, then gjj = g{ej, ej) — g^. Set Z%j — (y o Z)y = Z^g^ and 
Z^ = (Zo iy- 1 )^ = .a* fe Z,/. Then Z determines an element in 3 g if and only if Zy = -Z Jt (or Z Tj = -Z^). 
If there is a variation 8 J of J £ 3, then we have tensors (6P)? — —(SP)P and {8P)- J = — (SP)- J . We note 
that {ei + 8ei], where 8&i = (8P)?e~j, is a basis of the new holomorphic subspace Vj^ SJ , whereas {ej + 8e^}, 
where Sej = {8P\ 3 e.j = — (5P)j J ej, is a basis of Vj^ SJ . If (V, u>) is symplectic and J € tJ w , then J + <5 J G 3^ 
(to the first order) if and only if any of the tensors (8P)ij, (SP) Z1 , {8P) 13 , {8P)ij is symmetric. If (V, (?) is 
Euclidean and J € 3 g , then J + SJ E 3 g (to the first order) if and only if any of the above tensors is 
anti-symmetric. 

Choosing a unitary basis {ei}i<i< n of Vj^° in both the symplectic and the orthogonal cases, we have 
3u — Sp(2n,R)/U(n) and 3 g — SO(2n)/U(n), respectively, where Jo is identified with the coset o of the 
identity element. Using the basis {ej, ej} of V , the Lie groups and/or their Lie algebras that appear in the 
above identifications are 

U( " ) = {C o)\ T ° u ='•'}' »(»)={(: 31^-4 
31'^}- -<*HG 31 

where [/, A, i? are n x n complex matrices. The following results on geodesies are well-known: 
Proposition A. 3 ([H1Q3]) 1- A geodesic 7 in Sp(2n, R)/ U(n) from o is of the form 

>y(t) = \k ( coshBt sinhBt\ fc _i" 

where k E U(n) and B = diag{&i, • • • , b r , 0, • • • ,0} /or some 61, . . . , b r > 0, r < n. 
2. A geodesic 7 in SO(2n)/U(n) /rom o is of the form 
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k E U(n) and i? = diag| ( ^ " ' ' ( ^ , 0, • • • , | for some b\, . . . , b r > 0, r < [ti/2]. (7n irais 
case, \J—B 2 — diag{6i, 61, • • • , b r , b r ,0, ■ ■ ■ , 0}.J 

Proof: Writing sp(2n,R) = u(n)©m andso(2n) = u(n)©m, respectively, geodesies are of the form 7 (t) = [e tM ] 
for some M = (®_ B ^ e m. Since T £?' = ±S', by Theorems 5 and 7 in [14], respectively, there exists an 
n x n complex matrix U, T UU = I n , such that B' = UB T U, where B is of the required form. The results 
then follow from simple calculations with k = Tj G U(n). □ 

When n = 1, 3u = 3 because every complex structure compatible with the orientation is compatible 
with the symplectic form. Choosing a base vector e\ of the 1-dimensional vector space Vj^°, 3u can be 
parametrised by z = Z^ G C such that \z\ < 1, with z = for J . The Kahler form and metric are, 
respectively, 

2\f~^\dzt\dz Adzdz 
= (l-|z| 2 ) 2 ' ^ = (1 - \z\ 2 ) 2 ' 

A geodesic through z — is of the form z(t) — e^ Q tanht (0 < a < 2w), where t G R is half of the arc-length 
parameter. For Euclidean space (V,g), the first non-trivial case is, when n = 2, 3u> — SO(4)/U(2) = S 2 . 
Choose a basis {ei, e-{\ of Vj ( f such that gu = g 2 2, gii = 321 = 0. Then the dense subset 3J\{— Jo} can be 

parametrised by Z = f ^ , where z G C. On 3u> the point — Jo (which would be z — 00) is conjugate to 

Jo (z = 0). The Kahler form and metric are, respectively, 



y/—T dz Adz 4 dz dz 

(i + M 2 ) 2 ' T1u= (i + kl 2 ) 
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A geodesic through z — is of the form z(t) = e^^ a tant (0 < a < 2n), where t G R is half of the arc-length 
parameter. Note that z(t) — oo at t = 5 corresponds to the antipodal point — Jo of Jo- 

A. 3 Cut and first conjugate loci in 3 g 

Given a point o in a Riemannian manifold M, the first conjugate point p of o along a geodesic 7 from o is 
a point such that there is a Jacobi field along 7 that is zero at o and p but nowhere zero in between. The 
collection of such points form the first conjugate locus of o. The cut point of o along a geodesic 7 from o is 
the point p such that 7 is length-minimising between o and p but fails to be so beyond p. There is an open 
cell B in T Q M such that the exponential map is a diffeomorphism from B onto a (connected) open subset of 
M whose compliment is the cut locus of o. The image of the closure B under the exponential map is M. 

While the structure of cut loci or first conjugate loci for general Riemannian manifolds is quite complicated 
(see for example [24] ) . there is a Lie-theoretical description for compact Riemannian symmetric spaces. For 
simply connected symmetric spaces (such as the space 3 g above), the cut locus and first conjugate locus 
coincide [6], though this fails to be true in general [20]. For example, the cut and first conjugate loci of 
Grassmannian manifolds are known explicitly in terms of Schubert varieties [27] (see however Remark 4.3 
of [20]). We determine the cut (or the first conjugate) locus of 3 gi which is the space of polarisations of 
fermionic systems. 

Proposition A. 4 Let Jo, J G 3 g - The following statements are equivalent: 

(a) J is on the cut locus of Jo; 

(b) det ) = 0; 

(c) the pairing between 3CJ 1 and 3C7 1 is degenerate. 

Proof: Choosing a unitary basis {ei}i<i<„ of V, ' , we have 3 g — SO(2n)/U(n). The geodesies from o 
are given by Proposition IA.3I 2. Since k G U(n) acts as an isometry, we can assume k = 1 as well as 
b\ > ■ ■ ■ > b r > without loss of generality. For any t, Vj^° has a unitary basis consisting of vectors 

= cosbit e2i-i — sinbit e^, e^* = cos&.J e^i + sinb^t e^irf (1 < i < r) and = ej (2r + 1 < j < n). 

(a) =>(b): The cut point of o along the above geodesic is at t = Tr/2b±. It is clear that 2bl ^ = —eg G 

v jf/2 bl n v l l and hence det { Jo+J ; /2H ) - 0. 

(b) =^(a): Consider a geodesic 7 from Jo to J of the above form. Then det ( Jo ^ J ) = implies that 
t = ir/2bi for some i = 1, . . . ,r. Assume i = 1. For 2 < j < r, let b'^ be defined such that \V^\ < b\ and b'j = bj 

mod 2bi. Let 7' be the geodesic from o corresponding to B' = diag | ^ & 6l )'( b ' 0' '( 6' r )'^'''''^}' 
Then J = j'(jr/2bi) is the cut point of o along 7'. 

(b)«S=>(c): Along the geodesic, let m = e{ A • • • A e„. Then 



(i",Mo) =n cos2 ^ =det(^ 



i=l 

and hence the result. □ 



Corollary A. 5 If J G 3g is not on the cut locus of Jo, then 

1. det ( ia ^) > 0; 

2. the inner product on <J%^ extends continuously to a non- degenerate pairing between yj 9Cj* and yj %~j X ■ 

Proof: Consider the geodesic in the proof of Proposition IA.41 

1. det (^±- ) = Y[ r i=1 cos 2 bi > if t < tt/2^ for alH = 1, . . . , r. 

2. Consider /j, t in the proof of Proposition IA.41 The pairing is given by (^/Jlt, y/jlo) = Yli=i c °s&i- □ 
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B Berezin integral and the fermionic Bergman kernel 



B.l Calculus of fermionic variables 

Let V be an n-dimensional real vector space with a (non-zero) volume element e = ey € A™ V • The Berezin 
integral of a form a £ A"(^*) C on V is 

/ ae v = {a( n \e v ), 

JXIV 

where the pairing is between the top-degree component a*™) and ty . To highlight its formal similarity with 
the usual integration, the Berezin integral is often expressed, as in the physics literature, as an "integration" 
over fermionic variables. While the setting is well known, we recall it here to fix the sign convention. For 
a standard reference, see for example, §1.4-7 of [30]. For a mathematical treatment of graded manifolds or 
supermanifolds, especially in the context of geometric quantisation, see [T7] . 

We imagine a copy UV of the vector space that is identical as V except it has fermionic coordinates, 
which are "numbers" satisfying the same law of addition but anti-commute when they are multiplied. If we 
choose a basis {ei}\<i< n of V, then a "vector" 9 £ UV has the form 9 = 9 l ei, where 9 1 , . . . , 9 n the fermionic 
coordinates. Although UV does not exist as a set of points, the "functions" on UV are elements of the 
exterior algebra /\'(V*) C . I n fact, any form 



E E 



a il ...i k e tl A • ■ • A e 1 ' 



on V determines a "function" 



*w = E E " 

k— l<ii <■ ■ -<ifc <n 



mi 
ii...i k u 



on HV. The "derivative" of such functions corresponds the usual contraction on forms: 

Suppose the basis {e^} spans a unit volume, i.e., e = ei A • • • Ae n . The volume element provides a "measure" 
e(9) = d.9 1 ■ ■ ■ d9 n on UV. The fermionic integral is defined by 

/ a(9)e(0)= f a 12 ... n 6 1 ---9 n d9 1 ---d9 n = (-l) I ^ 2l a 12 ... n . 

This differs from the Berezin integral by a sign because d9 % also anti-commutes with 9 J . As a useful example, 
we calculate 

Jur 2 -/it - ' ./n ' im 

where a 6 K. 

Suppose V is even dimensional, say dim^ = In. Let g be a Euclidean metric on V and e = e 9 , a unit 
volume element. Set e g = 1 ™ £g- 

Lemma B.l If A £ End(y) is skew- symmetric with respect to g, then 



'nv 

Proof: We choose an orthonormal basis of V so that ^4 decomposes as a direct sum of 2 x 2 skew-symmetric 
matrices. The result then follows from the example computed above. □ 

Now assume that J is a complex structure on V compatible with g and the orientation given by e g . If A 
is invertible and if A and J are in the same connected component of invertible, skew-symmetric operators 
on V, then 

Pf(A) = (detA) 1 / 2 , 

where the square root is chosen so that (det J) 1 / 2 = 1. Compare this with the usual Gaussian integral in 
the proof of Theorem 12.51 1. in which A is symmetric and the determinant factor (det A) 1 / 2 appears in the 
denominator. 
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B.2 The fermionic Bergman kernel and projection 

We work with the pre-quantum data of the fermionic system in $3Jl: a real Euclidean space (V,g) of 
dimension 2n with a complex structure J compatible with g and a unit volume element e g which agrees with 
the orientation of J. Choosing a basis {ei}i<i<„ of Vj'° , we have complex fermionic coordinates 9 1 ,..., 9 n 
of 9 £ nvy or HV. An element ip in the pre-quantum Hilbert space Jto can be regarded as a "function" 
ip(9,9) of 9 l and 9 l (1 < % < n). The covariant derivative along ej and are, respectively, 

Y7 d 1 _Sj V7_ 1 _ni 

Vj — aF 2 ^j* 7 ' v i — aei 2 ay 17 > 
where g(9, 9) = gift 1 ® 3 . Any if> = e^™ J A^eMj can be written as (cf. TheoremElJl) 

if)(9,9) =4>(9)e-i g ( e > B \ 

where (f)(9) is a "holomorphic function", that is, it depends on 9 l only. By Theorem 13. 11 2. the inner product 

of if) = e^™ 1 A (f> and ip' = e^™- 1 A (f)' in is 

(W)= I m*^'{0)e-M~e g {9). 
Jnv 

Here (f)(9)* is obtained from (f)(9) by complex conjugation and reversing the order in the multiplication, i.e., 

((9* 1 ■■■9 ik )* = 9 lk ■■■9 l \ 1 < h < ■■■ < i k < n, 0<k<n. 

The formula bears a formal resemblance with that in Proposition 12.11 2 of the bosonic case. Moreover, the 
projection from Jfo to 3~C j is given by the fermionic counterpart of the Bergman kernel. 

Proposition B.2 The orthogonal projection from if) £ IK onto 3~Cj is 

ip(9, 0) 1— > e-ss(M) [ e 9(e,x)-h(x,x) ^ g( x ). 
Jnv 

Proof: Suppose the basis is unitary, i.e., g(ei, ei) — &y. We write 9\ = 9 1 \ 1 + ■ ■ ■ + 9 n x n for two fermionic 
vectors ip, x m II V. The fermionic measure can be written as 

e(9) = d9 1 d9 1 ■ ■ ■ d9 n d9 fL = d9d9. 

It is easy to check that !Hj has an unitary basis {9 n ■ ■ ■ 9 lk e~^ e ® | < fc < n, 1 < »!<••■< ik < n}. So the 
Bergman kernel that produces the orthoganal projection from !Kq to 'Kj is 

n 

K(9,x) = e-^ eB -^Y, 011 ■■■0 ik X Ik ■■■t 1 =e x-i 9S -? x x. 

k=0 l<ix<—<ik<n 

□ 

A fermionic coherent state c" is of the form 

c'}(9) = exp[g(9,a)-^g(9,9)}, 
where a £ HVj'° is a fermionic parameter. The above projection can be written as 

Jnv 

Finally, we find the relation to real fermionic coordinates. Let 9o = 9 + 9 £ HV. We have 2y/—l g(9, 9) = 
xuj(9o,9q), which we write as w,j(9q) for short. Then the fermionic Gaussian factor becomes e : ^zr m j( e a) , 
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C Invariant real, complex and quaternionic structures 



C.l Representations of real and quaternionic types 

Let W be a finite-dimensional complex vector space. An operator C: W — > W is conjugate linear if C is 
real linear and C(ax) — a(Cx) for all a £ C, x £ W. Such operators are in Home (W,W), where W the 
complex vector space which is equal to W as an Abelian group but whose scalar multiplication is given by 
(a, x) £ C x W H> ax £ W . A real structure on W is a conjugate-linear operator R on W such that R 2 = idw- 
Such an R determines a real vector space Wo = W R C W fixed by i? and W = (Wo) as complex vector 
spaces. A quaternionic structure on W is a conjugate- linear operator Q on W such that Q 2 = — idw- This 
makes W a quaternionic vector space whith the scalar multiplication (a + bj, x) £ M x W i— > ax + feQx G W 
(where a,b £ C). 

Suppose a group if acts on W by a complex representation. The representation is of real type if there is 
a A-invariant real structure on W. Such a representation is the complcxification of a real representation of 
A on Wo- The representation is of quaternionic type if there is a A-invariant quaternionic structure on W. 
Such a representation is quaternionic-linear with the above scalar multiplication by H. We refer the reader 
to [4] for the standard properties of real- and quaternionic- type representations. We collect here some more 
results that will be used in fCl2. 

Unless stated otherwise, we assume from now on that A is a finite group or a compact Lie group. By 
averaging over A, there is a A-invariant Hermitian form h : W x W —¥ C on W. Our convention of Hermitian 
forms on W is that they are complex linear in the first variable but conjugate linear in the second. (However, 
we took the opposite convention of physicists for pre-quantum or quantum Hilbcrt spaces.) 

Lemma C.l Consider a representation of A on a complex vector space W. Then 

1. the representation is of real (quaternionic, respectively) type if and only if there is a non- degenerate K- 
invariant symmetric (skew-symmetric, respectively) bilinear form on W; 

2. there is a non-zero sub-representation W C W of real (quaternionic, respectively) type if and only if there 
is a non-zero K-invariant symmetric (skew-symmetric, respectively) bilinear form on W. 

Proof: Part 1 is well known; see for example Proposition II. 6. 4 in [4] or the proof of Lemma ["C.2l below. Part 2 
follows immediately by taking W' as the orthogonal complement (with respect to a A-invariant Hermitian 
form) of the kernel of the bilinear form. □ 

Lemma C.2 Under the same conditions as in Lemma \ C.1[ suppose h is a K-invariant Hermitian form 
on W . If the representation of A on W is of real (quaternionic, respectively) type, then there is a K- 
invariant real structure R (quaternionic structure Q, respectively) on W such that h(Rx,Ry) — h(y,x) 
(h(Qx, Qy) — h{y, x), respectively) for all x, y £ W. 

Proof: Suppose Co is a A-invariant real (quaternionic, respectively) structure on W. Then C 2 = e idw, where 
e = ±1, respectively. Consider the complex bilinear form /Jonlf given by /3(x, y) = h(x, Coy) + e h(y, Cqx), 
where x,y £ W. Then j3 is symmetric (skew-symmetric, respectively) when e = ±1. Moreover, j3 is non- 
degenerate as (3(Cox,x) = h(x,x) + h(CoX,Cox) for any x £ W. Following the proof of Proposition II. 6. 4 
in [4], we define an invertible, conjugate-linear operator C on W by (3(x,y) = h(x,Cy), x,y £ W. Then 
h(C 2 x,y) = e h(Cy,Cx) = h(x,C 2 y). Consequently, eC 2 is self-adjoint and positive definite with respect 
to h. The space W decomposes as a direct sum of eigenspaces of eC 2 , each of which is A-invariant since 
C 2 is so. Without loss of generality, assume that W is the eigenspace of e C 2 of a single eigenvalue A > 0. 
Since C 2 = eXidw and Xh(x,y) = h(Cy,Cx) for all x,y £ W, \~ 1 / 2 C is the desired real (quaternionic, 
respectively) structure on W when e = ±1. □ 

The results in Lemma lC.2l can also be explained in matrix language; we do so when the representation is 
of real type. Choosing a real basis of the real subspace Wo, the Hermitian form h corresponds to a positive 
definite Hermitian matrix H . There is a unitary matrix U such that D = T UHU is a diagonal matrix 
of positive entries. With the representation of A, U can be chosen to commute with A. Let R = U T U. 
Since RR is the identity matrix, R defines a real structure on W. The result follows form the identity 
T RHR = UD T U = H. 

C.2 Complex structures invariant under a representation 

If V is a real vector space and J is a complex structure on V, we denote by (V, J) the complex vector space 
whose underlying real vector space is V and on which the scalar multiplication by y/—l is the action of J. 
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Clearly, (V, J) = V]'° as complex vector spaces. Let if be a finite or a compact Lie group. A presentation 
of K on V is a complex representation on (V, J) if and only if J S 3 is invariant under K. 

Proposition C.3 1. Suppose (V, ui) is a symplectic vector space and J G 3u- // a representation of K 
on (V, J) is of real type and preserves uj, then there is a K -invariant real structure R on (V, J) such that 
uj(Rx, Ry) — —uj(x, y) for all x, y € V . 

2. Suppose (V, g) is an oriented Euclidean vector space of even dimension and J € 3 g - If a representation 
of K on (V, J) is of quaternionic type and preserves g, then there is a K -invariant quaternionic structure Q 
on (V, J) such that g(Qx, Qy) = g{x, y) for all x, y G V. 

Proof: 1. Let h(x,y) — ui(x,Jy) — \/—1oj(x, y), x,y € V. Then h is a if -invariant Hermitian form, as 
h(Jx,y) = —h(x, Jy) = h(x, y). By Lemma IC.21 there is a if-invariant real structure R on (V, J) (i.e., 
RJ = —JR, R 2 = idy) such that h(Rx,Ry) = h(y,x). This is equivalent to uj(Rx,Ry) = —ui(x,y). 
2. Let h(x,y) = g(x,y) — \/—lg(Jx, y), V. Then ft, is a X-invariant Hermitian form, as h(Jx,y) — 

—h(x,Jy) = h(x, y). By Lemma IC.21 there is a if-invariant quaternionic structure Q on (V,J) (i.e., 
QJ = —JQ, Q 2 = — idy) such that h(Qx, Qy) — h{y, x). This is equivalent to g{Qx, Qy) = g(x, y). □ 

Since the group K acts on 3uj (3 g , respectively) by isometry, the fixed-point set (du,) K {(3 g ) K , respectively) 
is a totally geodesic submanifold. 

Proposition C.4 1. Suppose J G 3u> is preserved by a symplectic representation of K on [V, uS). Then 
Tj (3bj) K — (Sym 2 (Vj L o '°))^. Moreover, the following statements are equivalent: 

(a) (3u>) contains a point other than Jq; 

(b) (Sym 2 (Vjf)) K ^{0}; 

(c) there is a non-zero complex sub-representation (V', Jo) of (V, Jq) of real type. 

In this case, V can be chosen as a symplectic subspace and there is a K -invariant real structure R on (V , Jo) 
such that w{Rx, Ry) = —oj(x, y) for all x, y € V' . 

2. Suppose Jo £ 3 g is preserved by an orthogonal representation of K on (V, g). Then Tj a (3 g ) K = 
(/\ 2 {Vj'°)) K . Moreover, the following statements are equivalent: 

(a) [3 g ) K is not a discrete set; 

(b) (A 2 (vj;°)) K + {0}; 

(c) there is a non-zero complex sub-representation (V', Jo) of(V,Jo) of quaternionic type. 

In this case, there is a K -invariant quaternionic structure Q on (V, Jo) such that g(Qx,Qy) — g{x,y) for 
all x, y G V . 

Proof: 1. The result on the tangent space follows from <JX]2. Since 3ui is also if-equivariantly diffeomorphic to 
Sym 2 (Vj o '°), the equivalence of (a) and (b) is clear. The equivalence with (c) is a consequence of Lemma lC.11 2 
and the rest follows from Proposition IC.3I 1. 

2. Although (3 g ) K is not (f\ 2 '(Vj^°)) K globally, the latter is isomorphic to the tangent space Tj (3 g ) K , which 
is zero if and only if (3 g ) K is a discrete set. The rest of the proof is similar to that of part 1. □ 

By compactness, the set (3 g ) K is finite if it is discrete. When K is a compact torus group, the number 
of elements in (3 g ) K is equal to the Euler characteristic x(3 g ) = 2 n_1 . (This is the quotient of the order of 
the Weyl group of SO(2n) by that of U(n).) For example, 3 g — S 2 when n = 2. If K = S 1 acts on C 2 with 
weights 1 and —1, then the fixed-point set in 3 g is (3 g ) K = {± J }, whose cardinal is 2 = x(S 2 )- 
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